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Outline

� Industrial applications of two-phase flow with phase 
change

� Derivation of averaged balance equations for two-
phase flows

� Closure laws for void fraction and wall friction
� Heat Transfer Coefficient in flow boiling
� Convective condensation
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Industrial applications: Nuclear Power Plants

PWR : water at 
155 bars and 
320°C

Accidents 
(LOCA, RIA)

Prediction of 
Boiling crisis
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Industrial applications: Solar Energy Farms

PHD Thesis DINSENMEYER,   CEA 2006 
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Industrial applications: Steel industry

� Cooling down of the rolled
steel plates by water jet 
impingement.
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Industrial applications:
� Cooling electronic devices by two-phase flow loops

Heat pipe

Thermo siphon Loop heat pipe
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Industrial applications:
� Cooling electronic devices by two-phase flow loops

Pulsating Heat Pipe

https://www.youtube.com/watch?v=rG-fneOv1Z8

7

Industrial applications: space industry
� Propulsion of launchers: fluid management 

3rd stage of Ariane V 
launcher with
cryogenic reservoirs
with LOx and LH2
Wall heated by solar
radiations
!No thermal 
convection in 
microgravity
! Boiling incipience at 
the wall of the 
reservoirs.
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Problematic of two-phase liquid-vapour flows

Phase dispersée
écoulements à bulles 

ou à particules

Phases séparées :
écoulements annulaires 

ou stratifiés

Configurations 
intermédiaires :

écoulements intermittents ou 
annulaires avec arrachage

Dispersed bubbly
flows

Separated flow: 
stratified or annular
flows

Intermediate
configuration: Slug 

flow

What is the flow pattern? Stability? 
What is the phase distribution?
Which are the transfers between phases?

9

General Methodology

� Multiscale analysis and modelling:

- Local instant equations
- Time averaged equations
- Time and space averaged equations

� Local analysis (bubble motion, stability of a liquid film) -> 
phenomenogical models, closure laws for averaged
equations, calculation of the mean values of velocity, 
pressure, enthalpy….

Lost of information:
Need for closure laws

10
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Local instant equations

€ 

∂φk
∂t

+∇ ⋅ φkuk( ) =Π k −∇ ⋅ Γ k( )

€ 

∇ ⋅ Γ i − 2κΓ i ⋅nik + φk uk −u i( ) + Γ k[ ] ⋅nik
k=1,2
∑ = 0

•Balance for parameter in phase k

•Interfacial balance

(Ishii, 1975)  φk

Mass

Momentum

Energy

Chemical Specy

11

� Definition of averaged values

� Statistical average

� Time average

� Fonction of phase presence

� Presence of phase k

� Interfacial area concentration

€ 

φ (r,t) = lim 1
N

φi(r,t)
i=1

N

∑
$ 

% 
& 

' 

( 
) 

N* → * ∞

€ 

φ (r,t) = lim 1
T

φdt
T
∫

$ 

% 
& 

' 

( 
) 

T→∞

Reynolds Relations

€ 

λφ +ϕ = λφ +ϕ 

€ 

φ ϕ = φ ϕ 

€ 

∂φ
∂t

=
∂φ 
∂t

; Δφ = Δφ 

Steady flow

€ 

αk = χ k

€ 

δI =α I

Averaged phase equations

€ 

χk x ,t( ) = 1 si x ∈ k
χk x ,t( ) = 0 si x ∉ k

χ k

12
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€ 

φ = φ + # φ Instantaneous value

Phase averaged

€ 

φ k =
χkφk
αk

χk % φ k = 0

€ 

φ
I

=
δIφ
α I

δI =α I

Statistical average:

€ 

φ =α lφl +αgφg +α iφi
i

Averaged phase equations

€ 

∂αkφk
∂t

+∇⋅ αkφkuk +αkΓ k
( 
) 
* + 

, 
- − αkΠ k +αi φk uk − ui( ) + Γ k[ ] ⋅nik

i

= 0

€ 

αi ∇i ⋅ Γ i( )
i

− 2κΓ inik
i( 

) 
* 

+ 

, 
- +αi φk uk − ui( ) + Γ k[ ] ⋅nik

i

k=l, g
∑ = 0

13

Averaged phase equations
� Mass conservations

� Momentum balance

� Total enthalpie  balance

€ 

˙ m k
k= l.g
∑

i
= 0

€ 

∂αkρk

∂t
+∇⋅ αkρkuk

' 
( 
) * 

+ 
, = −αi ρk uk − ui( )[ ] ⋅nik

i

= −αi ˙ m k
i

€ 

∂αkρkuk
∂t

+∇ ⋅ αkρkuk ⊗ uk( ) −αkρkg +∇ αk pk( ) −∇ ⋅ αkτ k( )
= −α i ρkuk uk −u i( ) ⋅nik + pknik − τ k ⋅nik[ ]

i
= −α i ˙ m kuki

i
+α iIk

€ 

αi ∇iσ
i
− 2κσn ik

i' 

( ) 
* 

+ , 
= αi Ik − ˙ m kuki

i- 

. 
/ 

0 

1 
2 

k =l, g
∑
' 

( 
) 

* 

+ 
, 

€ 

∂αkρk htk

∂t
+∇⋅ αkρk htkuk

' 
( 
) * 

+ 
, = ∇⋅ αkukτ k

' 
( 
) * 

+ 
, − ∇⋅ αk qk

' 
( 
) * 

+ 
, +αk ρk r + ρk g.uk

' 
( 
) * 

+ 
, +
∂αk pk

∂t

− αi ˙ m khtk + pkui − uk.τ k + qk( ) ⋅nik[ ]
i

€ 

k= l,g
∑ α i ˙ m k hk +

1
2

˙ m k
2

ρk
2 −
nik ⋅ τ k ⋅nik

ρk

( 

) 
* 

+ 

, 
- + qk ⋅nik

. 

/ 
0 

1 

2 
3 

i

= 0
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€ 

∇ i ⋅σ + 2κσnil + ˙ m kUk + pknik − τ k ⋅nik[ ]
k= l,g
∑ = 0

€ 

2κσ + ˙ m l (U ln −Ugn ) + pl − pg − (τ ln n − τ gnn )[ ] = 0

Without flow and phase change

Laplace law: 

€ 

pl − pg + 2κσ = 0

In the direction normal to the interface Along the interface

€ 

∇ i ⋅σ + ˙ m l (Ult −Ugt ) − τ lt + τ gt[ ] = 0

with Ut1=Ut2

€ 

τ1t − τ 2t =∇ Iσ

•Interfacial momentum balance

Averaged phase equations

15

€ 

τ L − τG = t .(ΣL − ΣG).n = gradsσ
Surface tension gradient due to a 
temperature gradient

grads

tL

Marangoni convection

16
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Averaged Phase Equations

•Total enthalpy balance of phase k

•Interfacial Balance
€ 

∂
∂t
ρkhtk +∇⋅ ρkhtkuk[ ] = ρ

k
gk ⋅uk + r( ) +∇⋅ τ k ⋅uk( ) − ∇⋅ qk +

∂pk
∂t

€ 

htk = ek +
1
2
Uk
2 +

pk
ρk

€ 

˙ m k hk +
1
2

˙ m k
2

ρk
2 −
nik ⋅ τ k ⋅nik

ρk

& 

' 
( 

) 

* 
+ + qk ⋅nik

, 

- 
. 

/ 

0 
1 

k= l,g
∑ = 0

€ 

˙ m l hg − hl( ) = ˙ m lhgl = qg ⋅nig + ql ⋅nil = ql − qg( ) ⋅nil

€ 

˙ m lhlv ≈ q l .nil < 0

€ 

˙ m lhlv ≈ q l .nil > 0 vaporization

condensation

17

3 mass conservation equations
3x3 momentum balance equations
3 enthalpy balance
1 topological equation

16 equations

21 unknowns : 

Need for closure laws

€ 

α l ,αg ,α i, ˙ m l , ˙ m g
u l , ug , pl , pg , I l , Ig

hl , hg

€ 

Il ,IgModeling of

1 closure law
+1 transport equation for ai

€ 

pl = pg

Resolution of equations
2 mass conservation equations
2x3 momentum balance 
equations
3 enthalpy balance
1 topological equation

12 Equations

14 unknowns

€ 

α l ,αg ,α i, ˙ m l ,

u l , u g , pl , pg ,

hl , hg

(Kocamustafaogullari & Ishii M., 1983, Morel et al., 1999) 

α l +α g = 1
α l +α g = 1

18
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A : tube section

Ag : section occupied by the gas phase

Al : section occupied by the liquid phase

Rg (-): mean void fraction

Jl , jg (m/s) : superficial velocities

Ul , Ug (m/s) : mean velocities

x (-) : quality

𝑚̇ (kg/s):mass ,low rate

G (kg/m2/s) : mass flux

€ 

Rg =
Ag

A

€ 

jl =
Ql

A

€ 

Ug =
Qg

Ag

=
jg
Rg

€ 

Ul =
Ql

Al

€ 

Rl =
Al

A
=1− Rg€ 

Rk =
Ak

A
=
1
A

αkdA
A
∫

Equations integrated over the tube section

€ 

jg =
Gx
ρg

€ 

jl =
G(1− x)
ρl

€ 

x =
1

1+
ρl
ρg

Ul

Ug

(1− Rg )
Rg

Rg =

x ρl
ρg

Ul

Ug

1− x 1− ρl
ρg

Ul

Ug

$ 

% 
& & 

' 

( 
) ) Ug =

Gx
ρgRg

Ul =
G(1− x)
ρlRl

𝑥 =
𝑚̇!
𝑚̇

19

Mass conservation in the tube section

Phase k

dz

Ak

∂ρk Akdz
∂t

= ρk AkUk z
−ρk AkUk z+dz

− MkAdz

1
A
∂ρk Ak
∂t

+ 1
A
∂ρk AkUk

∂z
=
∂ρkRkk
∂t

+
∂ρkRkUk

∂z
= − Mk

20
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€ 

∂Rkρk

∂t
+
∂
∂z

RkρkUk( ) = − ˙ M k with ˙ M k = −
1
A

α I ρk Uk −UI( )[ ] ⋅nik

i

A
∫ dA

: mass flow rate per unit volume from the phase k through the interface

€ 

∂ρgRg

∂t
+
∂ρgRgUg

∂z
= − ˙ M g = ˙ M lvapor

liquid

Mixture

€ 

∂ ρl (1− Rg ) + ρgRg[ ]
∂t

+
∂ ρl (1− Rg )Ul + ρgRgUg[ ]

∂z
= 0

€ 

∂ρl (1− Rg )
∂t

+
∂ρl (1− Rg)Ul

∂z
= − ˙ M l

Rg+Rl=1

Mass conservation equations

€ 

˙ M k

Ul  , Ug : mean liquid and gas velocities in the tube section

21

Momentum balance in the tube section

∂ρkUk Akdz
∂t

= ρk AkUk
2

z
−ρk AkUk

2

z+dz
+ PkAk z − PkAk z+dz + Pidz

dAk
dz

−ρk gAkdzsinθ − τ pkSpkdz + τikSikdz − MkuiAdz

   

∂ρkUk Rk

∂t
+
∂ρk RkUk

2

∂z
= −

∂Pk Rk

∂z
+ Pi

dRk

dz
− ρk gRk sinθ− τ pk

Spk

A
+ τ ik

Sik

A
− Mkui

Phase k

dz

Akθ

nik

  

Pi < α inik .nz >Adz
= Pi <∇α k .nz > Adz
= Pi ∇Rk .nz Adz

= Pi

dRk

dz
Adz

22
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z

q
Model with one pressure  pl=pg=p

vapor

€ 

∂ρgRgUg

∂t
+

1
A
∂ρgRgUg

2A
∂z

= −Rg
∂p
∂z

+
τ pgSpg

A
+
τ igSi

A
− ρgRggsinθ + ˙ M lUi

liquid

€ 

∂ρl (1− Rg )Ul

∂t
+

1
A
∂ρl (1− Rg )Ul

2A
∂z

= −(1− Rg )∂p
∂z

+
τ plSpl

A
+
τ ilSi

A
− ρl (1− Rg )gsinθ − ˙ M lUi

mixture

€ 

∂ ρl (1− Rg )Ul + ρgRgUg[ ]
∂t

+
1
A
∂ ρl (1− Rg )Ul

2A + ρgRgUg
2A[ ]

∂z

= −
∂p
∂z

+
(τ pl + τ pg )Sp

A
− ρl (1− Rg ) + ρgRg[ ]gsinθ

Si

Spg

Momentum balance equations

wall shear stress Interfacial shear stress

τ ig = −τ il = τ i

23

Energy conservation in the tube section

   

∂ρk ek +
Uk

2

2
⎛
⎝⎜

⎞
⎠⎟

Ak dz

∂t
+
∂ρk ek +

Uk
2

2
⎛
⎝⎜

⎞
⎠⎟

Uk Ak dz

∂z
= qpk Spk dz + qik Sik dz + rk Ak dz

−
∂Pk AkUk

∂z
− PidzA

dRk

dt
− ρk gUk Ak dz sinθ+ τ ikUiSik dz − Mk Hik Adz

 
Pi < uinikα i > Adz = Pi <

dα k

dt
> Adz = Pi

dRk

dt
Adz

Total Enthalpy
   
Htk = ek +

Uk
2

2
+

Pk

ρk

− gz sinθ ≈ ek +
Pk

ρk

 Hk

∂ρkRkHtk

∂t
+
∂ρkRkHtkUk

∂z
= qpk

Spk
A

+ qik
Sik
A

+ rkRk − Rk
dP
dt

+
τikUiSik
A

− MkHik

Phase k

dz

Ak
θ

nik

24
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25

Parameters
Total enthalpy (J/kg) 
Source per unit volume  rk (W/kg)              Heat flux  q (W/m2)

€ 

Htk = Hk +
Uk
2

2
− gzsinθ ≈ Hk

vapor

€ 

∂ρgRgHtg

∂t
+

1
A
∂ρgRgHtgUg A

∂z
= Rgrg +

qpgSpg

A
+

qigSi

A
+ ˙ M lHig + Rg

∂p
∂t

+ ξ
τ i Si Ui

A

€ 

˙ M l (Hig −Hil ) +
Si

A
(qig + qil ) = 0

liquid

€ 

∂ρl (1− Rg )Htl

∂t
+

1
A
∂ρl (1− Rg )HtlUl A

∂z
= (1− Rg )rl +

qplSpl

A
+

qilSi

A
− ˙ M lHil + (1− Rg )∂p

∂t
−ξ

τ i Si Ui

A

mixture

€ 

∂ ρgRgHtg + ρl (1− Rg )Htl[ ]
∂t

+
1
A
∂ ρgRgHtgUglA + ρl (1− Rg )HtlUl A[ ]

∂z

= (1− Rg )rl + Rgrg +
qpSp
A

+
∂p
∂t

Enthalpy balance equations

negligible

25

26

6 main unknowns Rg, Ug, Ul, p, Hl, Hg or G, x, Rg, p, Hl, Hg 

Unknowns to be modelled

€ 

˙ M l ,τ pl ,τ pg,τ ig ,Ui ,qpg,qpl ,qil ,Spg /S,Si

Solving the system of 6 equations

€ 

∂ρgRg

∂t
+
∂ρgRgUg

∂z
= ˙ M l

€ 

∂ρl (1− Rg )
∂t

+
∂ρl (1− Rg)Ul

∂z
= − ˙ M l

€ 

∂ρgRgUg

∂t
+

1
A
∂ρgRgUg

2A
∂z

= −Rg
∂p
∂z

+
τ pgSpg

A
+
τ igSi

A
− ρgRggsinθ + ˙ M lUi

€ 

∂ρl (1− Rg )Ul

∂t
+

1
A
∂ρl (1− Rg )Ul

2A
∂z

= −(1− Rg )∂p
∂z

+
τ plSpl

A
+
τ ilSi

A
− ρl (1− Rg )gsinθ − ˙ M lUi

€ 

∂ρgRgHg

∂t
+

1
A
∂ρgRgHgUg A

∂z
= Rgrg +

qpgSpg

A
+

qigSi

A
+ ˙ M lHig

€ 

∂ρl (1− Rg )Hl

∂t
+

1
A
∂ρl (1− Rg )Hl Ul A

∂z
= (1− Rg )rl +

qplSpl

A
+

qilSi

A
− ˙ M lhil

€ 

˙ M lHlg +
Si

A
(qig + qil ) = 0

€ 

Ug =
Gx
ρgRg

et Ul =
G(1− x)
ρlRl

τ ig = −τ il = τ i

26
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27

For the 2 phases in thermodynamical equilibrium

€ 

Hl (Tsat ),Hg (Tsat ) are known

Enthalpy balance gives access to quality x

€ 

1
A
∂ ρgRgHgUg + ρl (1− Rg )HlUl[ ]

∂z
=
qpSp
A

∂ GxHg ,sat +G(1− x)Hl ,sat
⎡
⎣

⎤
⎦

∂z
≈G(Hg ,sat −Hl ,sat )

dx
dz ⇒ Ghlg

dx
dz

=
qpSp
A

=
qp4
D

Remark: the vapour phase is generally at saturation temperature Tsat

Simplification : no need for modelling the interfacial terms
Equations of mass conservation  and enthalpy balance are linked

System of 6 
equations

System of 4 
equations

1  Mass conservation equation
2  Momentum balances
1  Enthalpy balance for the mixture

€ 

G dx
dz

= ˙ M l

Equations for the mixture

27

28

If the velocities of the 2 phases are linked
2 equations of momentum balance are replaced by:

1 equation for the momentum balance of the mixture:

+ 1 relation f (Ug , Ul  , Rg)=0  

Simplification: no modelling of the interfacial area concentration and interfacial
shear stress needed. 

Homogeneous model  Ug= Ul è system of 3 equations

Equations for the mixture

€ 

1
A
∂ ρl (1− Rg )Ul

2 + ρgRgUg
2( )A

∂z
=
d
dz

Gx 2

ρgRg

+
G(1− x)2

ρl (1− Rg )

% 

& 
' 

( 

) 
* 

= −
∂p
∂z

+
τ pSp
A

− ρl (1− Rg ) + ρgRg( )gsinθ

2 2

28
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Closure laws

� Void fraction

� Interfacial perimeter Si, wetted perimeters Spg, Spl
depend of the flow topology

� Wall shear stress and interfacial shear stress 

� Wall heat flux qp and interfacial heat flux qi, specific
modelling in boiling and condensation.

τ p τ i

29

30

j      (m/s)  
G

j  
  (

m
/s

)  
L

10

1

0,1

0,01

0,001

0,01               0,1                 1                   10                100

Air-water flow in vertical tube of 5 cm dia., 
Taitel et al., (1980)

10

1

0,1

0,01

0,001
0,01               0,1                 1                   10                100

j      (m/s)  
G

j  
  (

m
/s

)  
L

Air-water flow in horizontal tube of 
5.1 cm dia.,  Mandhane, (1974)

Flow patterns in adiabatic two-phase flows

Two-phase flow with phase change: same flow patterns + 1 configuration vapor + 
liquid droplet. 

30
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Flow patterns in convective boiling at low heat flux

Chen & Karayannis, 2006-à refrigerant R134a  in 4.26mm dia. tube 

31

Flow patterns in convective boiling at low heat flux

Chen & Karayannis, 2006

32
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Flow patterns in convective boiling
Flow of boiling HFE7000 in a vertical tube of 6 mm diameter

33

Flow patterns in convective boiling at low heat flux

HFE 7000 –6mm diameter tube

34
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Flow patterns in convective boiling
Wojtan et al. (2005) for horizontal flows

Two-phase flow with phase change: same flow patterns + 1 configuration 
additionnal configuration vapor + liquid droplet (Mist Flow)

Flow pattern map and heat transfer
coefficient for R134a , D=10 mm 
qp= 10 kW/m2, Tsat = 10°C et G=300 
kg/m2s .

I : Intermittent, A : Annular flow, 
SW : Stratified wavy, S : stratified, 
Slug flow, D : dry out, M : mist flow

35

36

j      (m/s)  
G

j  
  (

m
/s

)  
L

10

1

0,1

0,01

0,001

0,01               0,1                 1                   10                100

10

1

0,1

0,01

0,001
0,01               0,1                 1                   10                100

j      (m/s)  
G

j  
  (

m
/s

)  
L

Phase velocities
f(Ug, Ul)=0

Two fluid model: dynamics of the 2 phases controlled by the 
interfacial shear stress. 

36
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37

Homogenous model : Hypothesis: Ul = Ug =UM

Dispersed flow with small bubble drift velocity /Ul

Closure laws for the void fraction

𝑅" =
𝑥

𝑥 + (1 − 𝑥)
𝜌"
𝜌#

€ 

Ug = C0Um +U∞ = C0 jg + jl( ) +U∞
Zuber and 
Findlay (1965) 

  

Bulles: U∞ =1,53
g ρl −ρg( )σ

ρl
2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

1/4

ou poches: U∞ =C∞ gD

C0 = 1.1 C0 = 1.2 C
∞
= 0.35 (vertical)

C
∞
= 0.5 (horizontal)

Dispersed Bubbles Taylor bubbles

Drift flux models

37

Mean gas velocity

38

Drift-flux model for bubbly and 
slug flow

𝑈$ = 0.35 𝑔𝐷

𝑈$ = 0

1gà

0gà

E. Trejo, IMFT, (2018)

38
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39

Churn flow: Ishii (1977)

Closure laws for the void fraction

Annular flows: Zuber et al. (1967)

Cioncolinio and Thome (2012)

Awad and Muzychka (2010)

Rg

€ 

Ug = C0Um +U∞ = C0 jg + jl( ) +U∞

Rg

39

40

Closure laws for the void fraction

Comparison with experimental data

Gomyo & Asano (2016) FC 72 Trejo, 2018, HFE7000

40
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41

Dispersed flows

€ 

α i =
Si
A

=
3Rg

R

€ 

Wec =
ρc (Ul −Ug)2 2R

σ
R bubble/drop radius given by

= 3
bubbles

= 10
droplets

Annular Flow

d
  

€ 

Rg = 1− 2δ
D

$ 

% 
& 

' 

( 
) 

2

et Si

A
=

4
D

Rg

€ 

τ ic = −
1
4
CDρc Ug −Ul Ug−Ul( )

2

  

€ 

α i =
Si

A
=

4
D

1− (1−Rg )(1−E) +
6Rg

d32

(1−Rg )E
d

Droplet entrainment rate

€ 

ƒi = 0,005 1+ 300 δ
D

# 

$ 
% 

& 

' 
( 

Closure law for Interfacial area concentration and 
interfacial shear stress

41

42

Annular flow with droplet entrainment
Cioncolini and Thome model (2011) 

E = 1+ 279,6WeC
−0,8395( )−2,209

avec10 <WeC <10
5

WeC =
ρC jv

2D
σ

avec ρC =
E(1− x)+ x
E(1− x)

ρl
+ x
ρv

with

with

42
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Slug flows

LB LS

€ 

Rg =
LB

LB + LS
+ RgS

LS
LB + LS

€ 

RgS
= RgBS exp −10

Rg − RgBS

RgSA
− RgBS

# 

$ 
% 
% 

& 

' 
( 
( 

RgBS = 0.25
RgSA = 0.8

€ 

α i =
Si
A

=
4
D

LB
LB + LS

+
6RgS

d32
LS

LB + LS
Interfacial area 
concentration:

Interfacial shear stress:

€ 

τ il= −
1
4
CDρl Ug−Ul Ug−Ul( )

2

€ 

CD = 9,8 LS
LB+LS

" 

# 
$ $ 

% 

& 
' ' 

3

Interfacial area concentration and interfacial
shear stress

43

Closure laws

� Void fraction

� Interfacial perimeter Si, wetted perimeters Spg, Spl
depend of the flow topology

� Wall shear stress and interfacial shear stress 

� Wall heat flux qp and interfacial heat flux qi, specific
modelling in boiling and condensation.

τ p τ i
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€ 

∂ρMUM

∂t
+
∂
∂z

ρMUM
2[ ] =

∂G
∂t

+
∂
∂z

G 2

ρM

$ 

% 
& 

' 

( 
) = −

dP
dz

+
τ pSp

A
−ρM gsinθ

€ 

dp
dz
" 

# 
$ 

% 

& 
' 
fr

=
τ pSp
A

= −
Sp
A
1
2

ƒpm
G2

ρM
= −

Sp
A
1
2

ƒpM ρMUM
2 avec ρM = Rgρg + (1− Rg )ρl

Hypothesis: Ul = Ug =UM
Dispersed flow with small bubble
drift velocity /Ul

€ 

∂ ρl (1− Rg )Ul + ρgRgUg( )
∂t

+
∂ ρl (1− Rg )Ul

2 + ρgRgUg
2( )

∂z
= −

∂p
∂z

+
τ pSp
A

− ρl (1− Rg ) + ρgRg( )gsinθ

€ 

ƒpM =
16
ReM

si ReM < 2000 avec ReM =
GD
µM

fpM wall friction 
factor

€ 

ƒpM = 0,079ReM
−0.25

si ReM > 2000

€ 

µM = Rgµg + (1− Rg )µl

Closure law for the wall shear stress: 
homogeneous models

with

with

45

Closure law for the wall shear stress: 
homogeneous models
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47

Frequently used in flow boiling to predict the wall shear stress

€ 

∂(RlρlUl + RgρgUg )
∂t

+
∂
∂z

RlρlUl
2 + RgρgUg

2( ) = −
∂P
∂z

− Rlρl + Rgρg( )gsinθ +
Spτ p
A

Modelling of the frictionnal pressure gradient using Martinelli multipliers

€ 

dP
dz

" 

# 
$ 

% 

& 
' 
fr

=
τ pSp
A

= φl
2 dP
dz

" 

# 
$ 

% 

& 
' 
l

= φg
2 dP
dz

" 

# 
$ 

% 

& 
' 
g

dP
dz

" 

# 
$ 

% 

& 
' 
l

= −
Sp
A

ƒpl
ρl jl

2

2
dP
dz

" 

# 
$ 

% 

& 
' 
g

= −
Sp
A

ƒpg

ρg jg
2

2

ƒpl = K jlDH

ν l

" 

# 
$ 

% 

& 
' 

−n

ƒpg = K
jgDH

ν g

" 

# 
$ $ 

% 

& 
' ' 

−n

DH =
4A
Sp

K=16, n=1 in laminar flow
K=0.079, n=1/4 in turbulent flow

€ 

φl
2 = 1+

C
X

+
1
X 2

# 

$ 
% 

& 

' 
( φg

2 = 1+ CX + X 2( )

€ 

X =
dP
dx

" 

# 
$ 

% 

& 
' 
l

dP
dx

" 

# 
$ 

% 

& 
' 
g

( 

) 
* 

+ 

, 
- 

1/ 2

=
jl
jg

ρl
ρg

ƒpl

ƒpg

Liquide Gaz C
Turbulent Turbulent 20
Laminaire Turbulent 12
Turbulent Laminaire 10
Laminaire Laminaire 5

€ 

Rg = 1+ X 0.8( )
−0.378

Closure law for the wall shear stress: separated
flows models like Lockhart and Martinelli model

proposed by L&M, but not always relevant

47

48

Comparison with experimental data HFE7000- 6mm

€ 

φl
2 = 1+

C
X

+
1
X 2

# 

$ 
% 

& 

' 
( φg

2 = 1+ CX + X 2( )

€ 

X =
dP
dx

" 

# 
$ 

% 

& 
' 
l

dP
dx

" 

# 
$ 

% 

& 
' 
g

( 

) 
* 

+ 

, 
- 

1/ 2

=
jl
jg

ρl
ρg

ƒpl

ƒpg

Closure law for the wall shear stress: Lockhart
and Martinelli model

φL
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49

vapor

liquid

2 momentum balance equations: example for a vertical upflow

 

∂ρgRgUg
2

∂ z
= d
dz
G2x2

ρgRg
= −Rg

∂P
∂ z

+
τ igSi
A

+ MlUi − ρgRgg

€ 

d
dz

G2(1− x)2

ρlRl

= −Rl
dP
dz

+
τ ilSi

A
+
τ pSp

A
− ˙ M lUi −ρ l

(1− Rg )g

In saturated boiling x is calculated by the enthalpy balance 2 unknowns P et Rg

€ 

Ui ≈Ul
Si

A
=

4
D

Rg
˙ M l = G dx

dz

Elimination of the pressure gradient between the 2 equations

€ 

Rl
d
dz
G2x 2

ρgRg

− Rg
d
dz
G2(1− x)2

ρlRl

=
τ ig 4
D

Rg − Rg

τ p 4
D

+ (ρl − ρg )RgRlg

Closure law for the wall and interfacial shear
stresses: two-fluid model

δ

49

50

vapor

liquid

Modelling of           (Wallis, 1969) : 

€ 

τ i = −
1
2

ƒi ρg Ug −Ul Ug −Ul( )
€ 

dRg

dz
G2 Rl x

2

ρgRg
2 +

Rg (1− x)
2

ρlRl
2

$ 

% 
& & 

' 

( 
) ) =

−
τ ig 4
D

Rg + Rg

τ p 4
D

− (ρl − ρg )RgRlg

+G2 dx
dz

2xRl

ρgRg

+
(1− x)(2Rg −1)

ρlRl

$ 

% 
& & 

' 

( 
) ) 

€ 

ƒi = 0,005 1+ 300 δ
D

# 

$ 
% 

& 

' 
( = 0,005 1+150(1− Rg )( )

Calculation of Rg

€ 

τ p = −
1
2
f plρlUl

2 ; f pl = CRe l
−n avec Re l =

Ul D
ν l

€ 

dp
dz

= −
d
dz
G2x 2

ρgRg

−
d
dz
G2(1− x)2

ρl Rl

+
τ p 4
D

− (ρgRg + ρlRl )g

Closure law for the wall and interfacial shear
stresses: annular flow model without entrainment

τ i

δ

well adapted to 
centimetric tubes

with

50
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Annular flow with droplet entrainment

vapor

liquid

€ 

d
dz
ρgRgUg = ˙ M l

d
dz
ρlRlFUlF =

d
dz

G(1− x)(1− E) = − ˙ M l + (RD − RA ) Si

A
d
dz
ρlRleUle =

d
dz

G(1− x)E = (RA − RD ) Si

A

Mass conservation equations

RlF= liquid hold up in the liquid film
Rle= liquid hold up in the entrained droplets
Rg= void fraction RlF+Rle+Rg=1

Momentum balance equations

€ 

∂ρgRgUg
2

∂z
=

d
dz

G2x 2

ρgRg

= −Rg
∂p
∂z

+
τ igSi

A
+ ˙ M lUi −ρgRgg − FD

∂ρl RlFUlF
2

∂z
=

d
dz

G2 (1− x)(1− E)[ ]2

ρl RlF

= −RlF
∂p
∂z

+
τ ilSi

A
− ˙ M lUi −ρlRlFg + (RDUeF − RAUFe ) Si

A

∂ρl RleUle
2

∂z
=

d
dz

G2 (1− x)E[ ]2

ρl Rle

= −Rle
∂p
∂z
−ρlRleg + (RAUFe − RDUeF ) Si

A

Gas

Film

Droplets

Gas

Film

Droplets

E entrainment rate
RD deposition flux (kg/m2/s)
RA entrainment flux (kg/m2/s)

+FD

δ

51

52

Annular flow with droplet entrainment

vapor

liquid

Momentum balance equations

€ 

∂ρgRgUg
2

∂z
+

∂ρl RleUle
2

∂z
= − Rg + Rle( ) ∂p

∂z
− (ρgRg + ρlRle )g + ˙ M lUi +

τ igSi

A
+ (RAUFe − RDUeF ) Si

A

∂ρl RlFUlF
2

∂z
=

d
dz

G2 (1− x)(1− E)[ ]2

ρl RlF

= −RlF
∂p
∂z
− ˙ M lUi −ρlRlF g +

τ ilSi

A
+ (RDUeF − RAUFe ) Si

A

Gas+ 
Droplets

Film

At equilibrium RD=RA deposition rate = entrainment rate

€ 

τ'i
Si
A

Homogeneous mixture of gas and droplets

€ 

Ule =Ug ⇒ Rle = Rg

ρg
ρl

1− x
x

E

€ 

RlF =1− Rg 1+
ρg
ρl

1− x
x

E
$ 

% 
& 

' 

( 
) 

δ

52
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Closure laws

� Void fraction

� Interfacial perimeter Si, wetted perimeters Spg, Spl
depend of the flow topology

� Wall shear stress and interfacial shear stress 

� Wall heat flux qp and interfacial heat flux qi, specific
modelling in boiling and condensation.

τ p τ i

53

Convective Boiling
� Characteristic dimensionless numbers

� Convective boiling regimes

� Boiling incipience

� Wall heat flux in convective boiling

� Boiling crisis: DNB and dry-out

� Film Boiling

54
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Characteristic dimensionless numbers

� Physical properties: Cpl, Cpv, hlv , 
� Control parameters: D, G, g,Tsat-Tle, Tp-Tsat or qp

� 15 parameters – 4 dimensions (M L t T)= 11 independant dimensionless
numbers

� Consequence: qp or Tp-Tsat can be expressed versus the dimensionless
numbers

� Simplification: Ecl<<1, 

 

Rel =
VkD
νl

= GD
µ l

, Pel =
VlD
al

, Frl =
Vl

2

gD
, Jal =

Cplθl

hlv

=
Cpl Tsat − Tle( )

hlv

, Ecl =
Vl

2

Cpl Tsat − Tle( ) ou
Vl

2

hlv

,

WeG =
ρgVg

2D
σ

,
ρg

ρl

,
νg

νl

,
λg

λ l

,
Cpg

Cpl

,
Tsat − Tle( )
Tp − Tsat

ou Bo =
qp

Ghlv

ρl ,ρg ,ν l ,νg ,λl ,λg σ

or

55
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Nukiyama Experiment (1932)

C

F

GG'

F'

Hq 

∆T     = T  -Tsat satp

U Wire heated by Joule effect: imposed heat flux

€ 

q =
UI
πdl

Determination of Tp from the measurement of the wire
resistance U/I
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Drew and Müller experiments (1934)

C

F

G

H

q 

∆T     = T  -Tsat satp

D

A
B

E

convection
 naturelle

Bulles isolées

Colonnes
de vapeur

Ebullition
 de transition

Ebullition
en film

Wall heated at constant temperature

57

58

Drew and Müller experiments (1934)

C

F

G

H

q 

∆T     = T  -Tsat satp

D

A
B

E

convection
 naturelle

Bulles isolées

Colonnes
de vapeur

Ebullition
 de transition

Ebullition
en film

Wall heated at constant temperature
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Boiling crisis

� Imposed heat flux
� Degradation of the 

heat transfer
� Rapid increase of 

the wall
temperature

� « Burn out » 

59

60

Configuration
 d'écoulementz

Transfert 
thermique

Vapeur 
seule

Transfert de 
chaleur par 
convection 
dans la vapeur

Vapeur +gouttes 
de liquide

Région 
déficiente 
en liquide

Ecoulement 
annulaire 

avec 
entrainement 

Transfert 
de chaleur 

par 
convection 

dans le 
filmEcoulement 

annulaire 

Ecoulement 
à poches 
bouchons

Ebullition 
nucléée 
saturée

Ecoulement 
à bulles Ebullition 

nucléée sous 
refroidie

Liquide seul Transfert de 
chaleur par 
convection 

dans le 
liquide

Températures Titre 
massique

x=1

x=0

crise 
d'ébullition

Tsat
pT

Température 
du fluide

Température à 
coeur du liquide

Température 
de la vapeur

Churn

Température 
moyenne du 

liquide

Convective boiling regimes
Flow pattern Heat transfer

vapor

Convective heat
transfer in vapor

Vapor +
liquid droplets

Annular flow
with
entrainment

Annular
flow

Slug    
flow

Bubbly
flow

Single-phase
flow

Churn flow

Convective heat
transfer in vapor + droplets

Heat transfer by
convection and
evaporation
of the liquid film

Saturated
Nucleate
Boiling

Subcooled
boiling

Convective heat
transfer in liquid

Temperatures

Vapor
temperature

Vapor
quality

Dry-out

Fluid
temperature

Mean liquid
temperature

Liquid bulk
Temperature

60
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x

q

Liquide

x=0 x=1

Ebullition sous refroidie Ebullition saturée Ebullition 
surchauffée

Nucléation 
en paroi
Condensation 
à coeur

Ebullition 
nucléée 
saturée

Churn
Annulaire

Ebullition 
en film 
sous 
refroidie

Vapeur + 
gouttelettes

Crise 
d'ébullition

Ebullition 
saturée en 
film

Vapeur 
surchauffée

Fin de 
l'ébullition 
nucléée

61

Low heat flux

Moderate heat flux

Convective boiling regime for imposed wall heat flux

DNB  Boiling crisis
Dry out Boiling crisis

Subcooled
Film
boiling

Subcooled boiling

High heat flux

Nucleation at 
the wall and 
condensation 
in liquid core

End of
nucleate
boiling

Saturated
nucleate
boiling

Saturated
film 
boiling

Vapor + 
Droplets

Saturated boiling Overheated
boiling

Liquid Churn and
annular flows

61

Convective boiling regime in horizontal tube

Constant mass flux  G

Increase quality along the tube x

Wojtan et al. (2005) 

Liquid Bubbles Slug
flows

Annular flow Stratified
Vapor

+
dropletsBoiling

crisis
Disparition of
nucleate boiling

Vapor
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63

Single-phase liquid flow

€ 

qp = hl (Tp −Tl (z))

€ 

Nu =
hl D
kl

= f (Re,Pr)

€ 

Nu =
hl D
λl

= 0,023 GD
µl

# 

$ 
% 

& 

' 
( 

0,8

Pr1/ 3 Circular tube (Dittus-Boelter, 1930)

Constant heat flux

€ 

GCpl
dTl (z)
dz

=
qpSp
A

€ 

Tl (z) −Tle =
qpSp
AGCpl

z − ze( )

€ 

Tp (z) −Tl (z) =
qp
hl

Constant wall temperature

€ 

qp =
GCplA
Sp

dTl (z)
dz

= hl Tp −Tl (z)[ ]

Heat Transfer Coefficient

G mass flux
hl HTC

63
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Entrapment of vapor (gas) embryos in cavities of the wall

Boiling incipience
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Activation of vapor embryos

Non wetting liquid R>r

2 r

PLiquide T0 0
(a)

r
croissance

spontanée

tt 0

R
(b)

Liquid at T>Tsat(P0)
  

€ 

R =
2σ(T)

Psat (T)− P0

Wetting liquid R < r
à spontaneous growth if: 

  

€ 

T0 − Tsat (P0 ) >
2σ(T0 )Tsat (P0 )vv

Rinitialh lv

Activation of a cavity of radius r for T0 : 
  

€ 

T0 − Tsat (P0 ) >
2σ(T0 )Tsat (P0 )vv

r hlv

  

€ 

dP

dT
=

h
lv

T
sat

(T
0
)(v

v
− v

l
)

Liquid

Spontaneous
growth
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Entrapment of vapor (gas) embryos in cavities of the wall

Boiling Incipience

Forst and Dzakowic criterion (1967) 

Wall temperature has to be high 
enough to activate boiling

Correction due to 
fluid properties

Tp−Tsat>
8σTsatqp
λρvhlv

1/2 1
Prl
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67

z

zone 
monophasique

Ebullition 
sous 

saturée 
partielle

Ebullition sous 
saturée 

développée
Ebullition saturée

q

q

T

ze

Tp

sat

Tl Température 
moyenne du liquide

Température de paroi

α
Taux de vide

zeb zd zs

Zone
monophasique

Ebullition 
sous 
saturée 
partielle

Ebullition 
sous saturée 
développée

Ebullition  
saturée

Void fraction

Wall heat flux in subcooled boiling

Conventional origine of 
quality

ONB OSV

ONB = Onset of 
Nucleate Boiling

OSV = Onset of 
Significant Void

Single-phase
flow

Partial
subcooled
boiling

Partial
subcooled
boiling

Saturated
Boiling

67

Heat transfer modes in convective boiling

HTC function of q

HTC function of x, G
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Heat transfer coefficient in flow Boiling

Experiments of Paul Ayegba (IMFT, 2020) – tube of 6mm diameter with HFE7000

69

70

Rohsenow model

  

€ 

Nub =
hLb

kl

= AReb
m Prn

Heat transfer by convection in the bubble wakes: 
analogy with single-phase convection

  

€ 

Reb =
ρvUbLb

µ l   

€ 

Pr =
ν l

α l

=
µ lCpl

k l  

€ 

h =
q

Tp − Tsat

  

€ 

Ub =
q

ρvhlv   

€ 

Lb = Cbθ
2σ

g ρl −ρv( )
& 

' 
( 
( 

) 

* 
+ 
+ 

1/ 2 Characteristic length
scale linked to the 
bubble detachment
diameter

  

€ 

q = µ lh lv

g ρl −ρv( )
σ

% 

& 
' 
' 

( 

) 
* 
* 

1/ 2
Cp Tp − Tsat (P0 )( )

Csf Prs hlv

% 

& 
' 
' 

( 

) 
* 
* 

1/ r

Csf=21/2 Cb θ / A, r=1-m, s=1-n

≈3

Specific constant dependant of 
the couple solid/fluids=1,7   (or 1 for water)
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€ 

qp = ql + qn avec ql = hl (Tp −Tl (z))

71

Contribution due to single phase 
convection

€ 

qn = µ l hlg
g(ρl −ρg )

σ

% 

& 
' 

( 

) 
* 

1/ 2

Pr−5
Cpl (Tp −Tsat )

Csf hlg

% 

& 
' 

( 

) 
* 

3

Contribution due to bubble nucleation

Rohsenow model (1973), validated with experiments of Hino et Ueda (1985)

q

Tp-Tl

Partial subcooled Boiling

Developed subcooled boiling

  

€ 

qn (zeb )
ql

qn

qONB

Heat transfer in subcooled boiling

€ 

h = hl
p + hn

p( )
1
p

Superposition models

p=2 for Kutateladze (1961) 
p=3 for Steiner et Taborek (1992) 

71

Heat transfer in subcooled Boiling: toward
mechanistic models

Enthalpy balance equation for the mixture

In subcooled boiling, vapor is at saturation temperature and liquid is subcooled.

€ 

qpSp
A

=
∂ Gxhg,sat +G(1− x) Cpl (Tl −Tsat ) + hl,sat( )[ ]

∂z

=G(hlg + Cpl (Tsat −Tl ))
dx
dz

+G(1− x)Cpl
dTl
dz

Part of the heat flux 
for phase change Part of the heat flux for 

liquid heating

Global model are not able to partition the heat flux between phase-change 
and liquid heating
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Wall heat transfer in convective boiling is often splitted into different
contributions in the advanced mechanistic models (Kurul & Podowski, 
1990; Basu et al., 2005, Yeoh et al., 2008):
evaporation of the liquid micro-layer below the bubble
unsteady conduction in the liquid after bubble
departure (quenching)
forced convection between the nucleation sites

Modelling of the different

Richenderfer et al. ETFS 2018

Models based on heat flux partitionning

73

Numerical studies:
- on DNS of isolated bubble vaporization

• Kunkelmann & Stephan, Int. J. Fluid Refrig. (2010), 
• Son, Dhir, Ramanujapu, J. Heat Transfer (1999)
• Sato & Niceno J. Comput. (2015)
• Huber et al. IJHMT (2017)

- with multiple bubble nucleation (Sato & Niceno, 2016)

Models based on heat flux partitionning
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75

Contribution of different heat transfer modes: Judd et Wang (1976), Del Valle 
et Kenning (1985), Dhir (1991)

qp=qe+ qCI + qCONV

Vaporisation of 
liquid
microlayer

€ 

qCI = KπRd

2
Naqb = 2 πρl Cplλl KRd

2
f Na Tp −Tl( )

Unsteady conduction 
during rewetting of the 
wall

Single-phase 
convection 
between the 
nucleation sites€ 

qCONV = hl (Tp −Tl )(1−KπRd

2
Na )

Parameters to model:
Rd, Na, f

Models based on heat flux partitionning:

€ 

qe = ρghlg
4

3
πRd

3
Na f

75

Bubble growth rate
Models based on liquid microlayer evaporation: Cooper and Lloyd (1969) and 
Van Stralen et al. (1975)

  

€ 

ρl h lv

dδ

dt
= −kl

Tp − Tsat

δ
soit δ0

2 − δ2 = 2kl

Tp − Tsat

ρl h lv

t − tc( )

  

€ 

ρl δ0 2πrdr
0

rs

∫ + (δ0 − δ)2πrdr
rs

R

∫{ } = ρv

2

3
πR3

Vaporized liquid mass

General relations

  

€ 

R(t) = f (Pr,
kl

kp

,
α l

αp

)Ja α l t

  

€ 

R = C1 t =
2,5

Pr
1/ 2

Ja α l t

pour kp >> kl

If                                   ->  Tp ≈  cte

High coupling between the liquid micro-layer 
evaporation and conduction in the wall

 Fo =α ptc / ep
2 1

R

rs

δδ0
Microcouche d < d0  

€ 

δ
0

r( ) = C
2
ν

l
t

c

tc=(r/C1)(1/n)

R=C1 tn

Ja =
ρ!Cp! T" − T#$%

ρ&h!&
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High speed-
black/white camera

Light source

Diffuser

Measurement method

High speed 
IR camera

Technische Universität Darmstadt 
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Results: Local temperature and heat flux
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Toward Direct Numerical simulation of Boiling
Multi-scale problem: Dhir, (2002), Stephan, (2002)

Macroscopic scale
Hydrodynamic and transfer
around the bubble

Microscopic scale
Evaporation of liquid microlayer -
coupled with the resolution of the 
heat transfer by conduction in the 
wall (Mathieu et al., 2002)

q

Matching of the 2 solutions 

79

Toward Direct Numerical simulation of Boiling

Huber et al, IJHMT, 2017

Macroscopique scale– code 
DIVA
Hydrodynamic and heat and 
mass transfers around the bubble

Microscopique scale– model of 
Stephan and Busse (2002)
Evaporation at the contact line

a=0.00219 and n=1.43

𝐽𝑎 =
𝜌#𝐶%# 𝑇% − 𝑇&'(

𝜌!ℎ#!
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Shear flow on a horizontal wall
FA

    

€ 

FA = ρl Vgez

FC
    

€ 

FC (α,β) = FCxex + FCzez FI

ul

During the bubble growth FI is weak.
Detachment occurs when FTx+FCx>0 sliding along the wall

FAz+FCz+FLz>0 lift-off from the wall

Bubble detachment diameters and frequency

FT

FTx =
1
2
ρLCDπR

2U2

FL

FLz =
1
2
ρLCLπR

2U2

α β

81

Shear flow on a horizontal wall
FA

ul

Bubble detachment diameters and frequency

Model of  Winterton (1972)

Detachment parallel to the wall FC

  

€ 

FCx = −
π

2
σrs cosθr − cosθa( ) = −

π

2
σR sinθ cosθr − cosθa( ) = −

π

2
σRF(θ)

Capillary force:

FT

Drag force:

Detachment occurs when:
  

€ 

1

2
CDρlU

2R2π >
π

2
σRF(θ)

  

€ 

C
D

=18.7 Re
B

−0.68

Re
B

= U2R / ν

  

€ 

1

2
C

D
ρ

l
U

2
R

2π >
π

2
σRsinθ

α = θa β = θr

FTx =
1
2
ρLCDπR

2U2
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Bubble detachment diameters

  

€ 

Bo =
g(ρl − ρv )dd

2

σ
Numerous correlations based on a critical Bond number:

Vb=bubble velocity

𝐽𝑎 =
𝜌'𝐶𝑝' 𝑇( − 𝑇)*+

𝜌,ℎ',

83

Bubble detachment diameters and frequency

Frequency of detachment: 

  

€ 

f
n
d

d
= cste

n = 2 croissance inertielle

n = 1/ 2 croissance diffusive
Correlations

Example: boiling water at atmospheric pressure

Model of Mikic et Rohsenow   

€ 

f 2dd =
4

3

g(ρl − ρv )

Cρl

C ≈ 1

Inertial growth

Diffusive growth

fd) = 0.83Ja πα*

f =
1

t++ t,
waiting time               growth time
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Density of active nucleation sites

Density of active nucleation site (for Tw) : ns ~ (Tw-Tsat)m with m=4 ou 5
ns ~ qm

Gaertner & Westwater ns ~ q2.1

Mikic et Rohsenow

Kocamustafaogullari et Ishii

n s
= 

de
ns

ity
of

 a
ct

iv
e 

nu
cl

ea
tio

n
si

te
 p

er
 c

m
2

105 Dc (cm) 
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Strong evolution of the flow pattens along the tube: bubbly flow, slug flow and 
annular flow.

Quality calculated from enthalpy balance:

€ 

x(z) =
4qp
DGhlg

z − zs( )

Different models and correlation for the prediction of the heat transfers

Chen correlation (1966)

€ 

h = Shn + Fhl

€ 

hl = 0,023 λl
D

G(1− x)D
µl

$ 

% 
& 

' 

( 
) 

0.8

Pr1/ 3

€ 

hn = 0,00122
kl
0,79Cpl

0,45ρl
0,49

σ 0,5µl
0,29hlg

0,24ρg
0,24

$ 

% 
& 
& 

' 

( 
) 
) 
Tp −Tsat( )

0.24
psat (Tp ) − pl( )

0.75

€ 

F(Xtt ) = 2,35 0,213+
1
Xtt

" 

# 
$ 

% 

& 
' 

0,736

pour Xtt
−1 > 0,1

F(Xtt ) =1 pour Xtt
−1 ≤ 0,1

€ 

S = 1 1+ 2,53 ⋅10−6 DG(1− x)
µl

F Xtt( )
1,25$ 

% 
& 

' 

( 
) 

1,17* 

+ 
, 
, 

- 

. 
/ 
/ 

Heat Transfer Coefficient in saturated boiling

€ 

X =
1− x
x

ρg
ρl

ƒpl

ƒpg

if     

if     
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Other correlations

€ 

h = 7,39 ⋅103 hl
q

Ghlg
+ 0,00015 1

Xtt

# 

$ 
% 

& 

' 
( 

0,66) 

* 
+ 
+ 

, 

- 
. 
. 

et hl = 0,023 λl
D

G(1− x)D
µl

# 

$ 
% 

& 

' 
( 

0,8

Pr1/ 3

Schrock et Grossman (1959)

€ 

h = hl 1+ 3000 q
Ghlg

" 

# 
$ $ 

% 

& 
' ' 

0,86

+
x

1− x
" 

# 
$ 

% 

& 
' 
3 / 4

ρl
ρg

" 

# 
$ $ 

% 

& 
' ' 

0,41* 

+ 

, 
, 

- 

. 

/ 
/ 

Gunger et Winterton (1986) 

€ 

h = hl C1C0
C2 25Fr( )C5 + C3Bo

C4 FK[ ]

C0 =
1− x
x

# 

$ 
% 

& 

' 
( 
0,8 ρg

ρl
Bo =

q
Ghlg

Fr =
G2

ρl
2gD

Kandlikar (1989) 

Heat Transfer Coefficient in saturated boiling

(different fluids : water, N2, refrigerants, for 
vertical and horizontal tubes)

87

88

H = Hl C1C0
C2 25Fr( )C5 +C3Bo

C4 FK⎡⎣ ⎤⎦

avec C0 =
1− x
x

⎛
⎝⎜

⎞
⎠⎟
0,8 ρg

ρl
Bo = q

Ghlg
Fr = G2

ρl
2gD

Fitting of experimental resultats (Kandlikar, 1989)

C0 < 0.65
Région convective

C0 > 0.65
Région de l'ébullition nucléée

C1
C2
C3
C4
C5

1,1360
-0,9

667,2
0,7
0,3

0,6683
-0,2
1058
0,7
0,3

C5 =0 for vertical tubes and horizontal tubes 
when Fr>0,04.

Fluide FK
Eau
R-11
R-12
R-13B1
R-22
R-113
R-114
R-152a
Azote

1,00
1,30
1,50
1,31
2,20
1,30
1,24
1,10
4,70

with
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89

Fitting of experimental resultats (Kim & Mudawar 2013)

89

90

H = 0.0776 λl
δ

δu*
ν l

⎛
⎝⎜

⎞
⎠⎟

0.9

Pr0.52

avec 10 < δ + < 800 0.86 < Pr < 6.1

ρlu*
2 = τ p =

1
2
f ρcVc

2 et f = 0.172Wec
−0.372

ρc, Vc ≈ jv

Model of evaporation of a liquid film in annular flow

density et velocity of the vapour core

Cioncolini et Thome (2011)

Hypotheses : Turbulent liquid film and heat transfer by evaporation
through the liquid film. No nucleation at the wall. 

with

and

d film thickness

€ 

Ule =Ug ⇒ Rle = Rg

ρg
ρl

1− x
x

E

𝜌- = 𝜌"𝑅"+𝜌#𝑅#.

90



30/11/2021

46

91

Comparison of different correlations
[W

/m
2 /

K
]

91

92

At low heat flux: progressive increase
progressive of quality à annular flow 
with evaporation of the liquid film, 
decrease of the film thickness à
dryout of the liquid film

Critical heat flux in convective boiling

At high heat flux, boiling crisis
occurs for low qualities x à strong
vapour production at the wall à
inversed annular flow

Liquide

Vapeur

Flow direction Flow direction

92



30/11/2021

47

93

At low heat flux: progressive increase progressive of quality à annular flow with
evaporation of the liquid film, decrease of the film thickness à dryout of the 
liquid film
At high heat flux, boiling crisis occurs for low qualities x à strong vapour
production at the wall à inversed annular flow

Science Academy of Russia

Water at 29 bars

Katto et Ohno (1984)
water, ammoniac, benzen, 
alcohols, hydrogen, nitrogen, 
refrigerants R12, R21, R22, R113, 

€ 

qcrit = q0 1 + K hl (Tsat)− hl (Tle)
hlg

# 

$ 
% % 

& 

' 
( ( 

€ 

γ =
ρv
ρl

We =
G2l
ρlσ

l /D G hlv

q0 and K depend of:

Bowring, (1972) for water

Critical heat Flux in convective boiling

93

94

Correlation of Katto et Ohno (1984)

€ 

qcrit = q0 1 + K hl (Tsat)− hl (Tle)
hlg

# 

$ 
% % 

& 

' 
( ( 

  

€ 

γ =
ρv

ρl

We =
G2l
ρlσ

C = 0.25 pour l / D < 50

C = 0.25+ 0.0009 l
D

% 

& 
' 

( 

) 
* − 50

, 

- 
. 

/ 

0 
1 pour 50 < l / D <150

C = 0.34 pour l / D >150

q01 = CGLWe−0.043 D/ l( ) q02 = 0.1GLγ0.133We−1/ 3 1+ 0.0031(l / D)( )−1

q03 = 0.098GLγ0.133We−0.433 l / D( )
0.27

1+ 0.0031(l / D)

% 

& 

' 
' 

( 

) 

* 
* 

q04 = 0.0384GLγ0.6We−0173 1
1+ 0.280We−0.233(l / D)

% 

& 
' 

( 

) 
* 

q05 = 0.234GLγ0.513We−0.433 l / D( )
0.27

1+ 0.0031(l / D)

% 

& 

' 
' 

( 

) 

* 
* 

K1 =
1.043

4CWe−0.043 K2 =
5
6

0.0124 + D/ l
γ0.133We−1/ 3 K3 =1.121.52We−0.233 + D/ l

γ0.6We−0.173

  

€ 

pour q01 < q02 alors q0 = q01

pour q01 > q02 alors
q0 = q02 pour q02 < q03

q0 = q03 pour q03 ≤ q02

pour K1 > K2 alors K = K1

pour K1 ≤ K2 alors K = K2

g<0.15

g>0.15

  

€ 

pour q01 < q05 alors q0 = q01

pour q01 > q05 alors
q0 = q05 pour q04 < q05

q0 = q04 pour q05 ≤ q04

pour K1 > K2 alors K = K1

pour K1 ≤ K2 alors
K = K2 pour K2 < K3

K = K3 pour K2 ≥ K3

L=hlg

if     

if     

if     

if     
if     

if     

if     

if     

if     

then

then

then
then

then

then

then

then

for  
for  

for  
for  

for  
for  
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95

Dryout of the wall

vapor

liquid

€ 

d
dz
ρgRgUg = ˙ M l

d
dz
ρlRlFUlF =

d
dz

G(1− x)(1− E) = − ˙ M l + (RD − RA ) Si

A
d
dz
ρlRleUle =

d
dz

G(1− x)E = (RA − RD ) Si

A

Mass conservation equations

RlF= liquid hold up in the liquid film
Rle= liquid hold up in the entrained droplets
Rg= void fraction RlF+Rle+Rg=1

Gas

Film

Droplets

E entrainment rate
RD deposition flux (kg/m2/s)
RA entrainment flux (kg/m2/s)

δ

Whalley et al. (1974), Govan et al.,(1988).  

Momentum balance equations for the liquid film and for the vapour core with
entrained droplet. 

Enthalpy balance equation

€ 

dx
dz

=
4qp
DGhlv

95

96

Annular flow with entrainment

vapour

liquid

Momentum balances equations

€ 

∂ρgRgUg
2

∂z
+

∂ρl RleUle
2

∂z
= − Rg + Rle( ) ∂p

∂z
− (ρgRg + ρlRle )g + ˙ M lUi +

τ igSi

A
+ (RAUFe − RDUeF ) Si

A

∂ρl RlFUlF
2

∂z
=

d
dz

G2 (1− x)(1− E)[ ]2

ρl RlF

= −RlF
∂p
∂z
− ˙ M lUi −ρlRlF g +

τ ilSi

A
+ (RDUeF − RAUFe ) Si

A

Gas+ 
Droplets

Film

Balance between entrainement and redosition of the 
droplets RD=RA

€ 

τ'i
Si
A

Homogeneoux mixture gas + droplets

€ 

Ule =Ug ⇒ Rle = Rg

ρg
ρl

1− x
x

E

€ 

RlF =1− Rg 1+
ρg
ρl

1− x
x

E
$ 

% 
& 

' 

( 
) 
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97

Annular flow with entrainment

vapour

liquid

Momentum balance equations

€ 

d
dz

G2x
ρgRg

x + (1− x)E( )
$ 

% 
& 

' 

( 
) = −Rg 1+

ρg

ρl

1− x
x

E
* 

+ 
, 

- 

. 
/ 
∂p
∂z
−ρgRg 1+

1− x
x

E
* 

+ 
, 

- 

. 
/ g + ˙ M lUi +

τ'i 4
D

Rg

d
dz

G2 (1− x)(1− E)[ ]2

ρl RlF

= −RlF
∂p
∂z i

−ρlRlF g − τ'i 4
D

Rg

€ 

RlF =1− Rg 1+
ρg
ρl

1− x
x

E
$ 

% 
& 

' 

( 
) 

(1)

(2)

Enthalpy balance equation

€ 

dx
dz

=
4q
˙ m hlv

q =
λ Tp −Tsat( )

δ
ou q = h Tp −Tsat( )(3)

Iterative resolution

Calculation of x using (3)

Elimination of p between (1) and (2) and calculation of Rg

Calculation of

€ 

δ =
D
2
1− 1− RlF[ ]

if Tp is imposed or
𝑑𝑥
𝑑𝑧

=
4𝑞

𝐷𝐺ℎ#!
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Annular flow model with droplet entrainment

€ 

dx
dz

=
4qp
DGhlv

Calculation of the heat flux: thin film, negligible convective terms

  

€ 

ρlCp u
∂T
∂x

+ v
∂T
∂y

$ 

% 
& 

' 

( 
) =

∂
∂y

λ l + λ t( ) ∂T
∂y

$ 

% 
& 

' 

( 
) ≈ 0

  

€ 

λ l + λ t( ) ∂T
∂y

= q

Laminar liquid film

€ 

qp = λl
Tp −Tsat

δ

Turbulent film

€ 

al + at( )∂T
∂y

=
qp
ρlCp

€ 

al
Tsat −Tp
q ρlCp

=
dy

1+
at
al

=
0

δ

∫ dy

1+
ν t

ν l

Prl
Prt

0

δ

∫

Prt ≈1Resolution by using a given turbulent eddy profile

€ 

ν t

ν l

= 0,01y + 1− exp(−0,01y +)[ ]

avec y + =
yu*
ν

< 20

Dukler (1959) Other expressions

€ 

y + < 5 ν t = 0

5 < y + < 30 ν t

ν l

=
y +

5
−1

y + > 30 ν t

ν l

=
y +

2,5
−1

Dryout of the wall

with
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Critical Heat Flux: Departure from Nucleated 
Boiling (DNB type) 

No predictive model. Different scenarii proposed.

Local phenomenum: 
formation of dry spot below
the bubble by total 
evaporation of the liquid
microlayer: Theofanous et 
al., (2002) 

accumulation of 
bubbles - Tong et 
Hewitt (1972) 
(Rg≈0.8)

Balance between evaporation
and recondensation of large 
vapour bubbles: Lee et 
Mudamar (1988) et Celata et al. 
(1999) 

In weakly subcooled boiling

99

Film Boiling
Vapour film at the wallà high increase in the wall temperature
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Film Boiling

Inversed annular flow

à Heat transfer by conduction across the vapour film

à Enthalpy Balance

à Momentum balance equation
€ 

qp = λl
Tp −Tsat

δ

  
G hlv +Cpl Tsat −Tl( )( ) dx

dz
=

4qp

D

d
dz
G2x2

ρgRg
= −Rg

∂P
∂z

+
τ igSi
A

+
τ pSp
A

+ MlUi − ρgRgg

   

d
dz

G2 (1− x)2

ρ
l
R

l

= −Rl

dP
dz

+
τ ilSi

A
− MlUi − ρl

(1− Rg )g

101
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Post CHF regimes
Transition boiling:  Tong et Young (1974) 

€ 

qet=qf +qnexp −0,0394 x2/ 3
dx /dz

Tp−Tsat
55,6

# 

$ 
% 

& 

' 
( 
1+0,0029(Tp −Tsat )) 

* 

+ 
+ 

, 

- 

. 

. 

Film boiling around cylinder: Bromley (1960) 

€ 

h = 0,62
λg
3ρg (ρl − ρg )hlg

µg (Tp −Tsat )λH

% 

& 
' 

( 

) 
* 

1/ 4

€ 

λH = 2π σ

g(ρl −ρg)

' 

( 
) ) 

* 

+ 
, , 

1/ 2

€ 

Nug =
hgD
kg

= 0,023 GD
µg

" 

# 
$ $ 

% 

& 
' ' x +

ρg
ρl
(1− x)

" 

# 
$ 

% 

& 
' 

* 

+ 
, 
, 

- 

. 
/ 
/ 

0.8

Prg,Tsat
0.4

Vapour flow with entrained droplets: Dougall et Rohsenow (1963) 

Homogeneous model
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Conclusion
� Strong evolution of the flow patterns in flow boiling

� Boiling incipience: numerous models (effect of wall
wettability, cavity size..)

� HTC in convective Boiling: numerous correlations, 
promosing mechanistic models, which require local 
closure laws. 

� CHF with dryout (reasonnable predictions), CHF DNB type 
(open problem)

103

104

Condensation of pure vapour

Dropwise condensation
High heat flux

Filmwise condensation 
frequently observed with
wetting liquids
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Condensation of pure vapour

Dropwise condensation
High heat flux

Filmwise condensation 
frequently observed with
wetting liquids

Filmwise condensation

Local heat transfer coefficient:

Global heat transfer coefficient: 
€ 

h(z) =
q

Ti −Tp
=

q
Tsat −Tp

€ 

h (z) =
1
z

h(z)dz
0

z

∫

Predominant thermal resistance through the liquid film.

105
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Filmwise condensation of pure vapour
Non inertial model of Rohsenow: laminar flow

zdz
y

Momentum balance equation along z axis

€ 

ρLgsinθ−
dP
dz

% 

& 
' 

( 

) 
* δ − y( ) + τ i −µ

∂u
∂y
% 

& 
' 

( 

) 
* = 0

Equality of pressure gradients 
In liquid and vapour phases

€ 

dP
dz

= ρvgsinθ+
dP
dz

$ 

% 
& 

' 

( 
) 
m

= ρv
*gsinθ

Pressure gradient in the vapour phase

€ 

u(y) =
ρL −ρv

*( )gsinθ
µ

δy − y
2

2
& 

' 
( 

) 

* 
+ +

τ iy
µ

Mass flow rate per unit of width b

€ 

˙ M 
b

= ρL udy =
0

δ

∫
ρL ρL −ρv

*( )gsinθ
µ

δ3

3
+
ρL τ i

µ
δ2

2

€ 

ρLgsinθ−
dP
dz

% 

& 
' 

( 

) 
* + µ

d2u
dy 2

= 0

Integration between y and

τ i
δ

δ
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107

Thermal balance at the liquid-vapour interface

Heat flux: condensation of vapour+ cooling at the mean film temperature Tm

€ 

Tm =
uTdy

0

δ

∫
u δ

=
5
8

Tsat +
3
8

Tp

 
u = 1

δ
udy

0

δ

∫ =
ρL − ρv

µ
g δ

2

3
+
τ iδ
2µ

€ 

q =
λ Tsat −Tp( )

δ
=

1
b

d ˙ M 
dz

hlv + Cp (Tsat −Tm )( ) =
1
b

d ˙ M 
dz

hlv +
3
8

Cp (Tsat −Tp )
% 

& 
' 

( 

) 
* =

1
b

d ˙ M 
dz

hLv
*

€ 

d ˙ M 
dz

=
d ˙ M 
dδ

dδ
dz

=
bλ Tsat −Tp( )

δhLv
* = b

ρL ρL −ρv
*( )gsinθ

µ
δ2 +

ρL τ i

µ
δ

( 

) 
* 
* 

+ 

, 
- 
- 

dδ
dz

€ 

T =
Tsat −Tp

δ
y + Tp

€ 

u(y) =
ρL −ρv

*( )gsinθ
µ

δy − y
2

2
& 

' 
( 

) 

* 
+ +

τ iy
µ
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108

   

d !M
dz

=
d !M
dδ

dδ
dz

= b
ρL ρL −ρv

*( )g sinθδ2

µ
+
ρLτ iδ

µ

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

dδ
dz

=
bλ Tsat −Tp( )

δhLv
*

€ 

ρL ρL −ρv
*( )gsinθhLv* δ

4

4
+ ρL τ ihLv

* δ
3

3
= λµ Tsat −Tp( )z

Lf reference length

€ 

Lf =
ν2

gsinθ
$ 

% 
& 

' 

( 
) 

1/ 3

€ 

δ* = δ
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3
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ρL ρL −ρv
*( )gsinθ
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µhLv

* z
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ρL −ρv
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4
3
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4 =
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*

z
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4

  

€ 

τ i
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€ 
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€ 

δ*4 +
4
3
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Nusselt number characteristic of the heat transfer

€ 

Nu =
h Lf

λ

Mean heat transfer coefficient:

€ 

h (z) =
1
z

h(z)dz
0

z

∫ =
1
z

λ
δ

dz
0

z

∫ =
1
z*

λ
Lfδ

* dz*
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∫
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4λ
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4λ
Lf z

*
0
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∫ δ*3

3
+
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2
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*

& 
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( 

) 
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+ 

€ 

4δ*3 + 4δ*2τ i
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€ 
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h Lf

λ
= 4 δ*3

3z*
+
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2z*
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' 

( 

) 
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Reynolds number

€ 

ReL =
ρLu Dh

µ
Dh =

4bδ
b

= 4δ

€ 

ReL =
4
3
ρL (ρL −ρv

* )gsinθ
µ2 δ3 +

4τ iρL
2µ2 δ2 =

4
3
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*δ*2

€ 

Nu =
4
3
" 

# 
$ 
% 

& 
' 
4 / 3

ReL
−1/ 3 =1,47ReL

−1/ 3

Nusselt model:

€ 

δ*4 = z* ReL (z) =
4
3
δ*3 Nu =

4δ*3

3z*
=
4
3δ*

τ i = 0
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Filmwise condensation of pure vapour
Non inertial model of Rohsenow

z
€ 

δ*4 +
4
3
δ*3τ i

* = z* avec Lf =
ν l
2

gsinθ
& 
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*
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δ

For a given value of 
z,       is calculated. 
Then z* is
calculated and 

Graphe!Nu, Rel

 τ i
*

 δ
*
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Filmwise condensation of pure vapour with
inertia effects (Sparrow et Gregg, 1959)

Vapour

Liquid

d

x

y

Cold wall

Inertia-> Boundary layer resolution

€ 

ψ z,η( ) = 4aLC1z
3 / 4 f η( ) avec η = C1yz

−1/ 4 et C1 =
gCpL (ρL −ρV )

4νLλL

( 

) 
* 

+ 

, 
- 

1/ 4

h η( ) =
Tsat −T
Tsat −Tp

Boundary conditions: at y=0, u=v=0, T=Tp

at y=   , T=Tsat and
  

∂u
∂y

= 0

€ 

∂u
∂z

+
∂v
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= 0

u ∂u
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g

u ∂T
∂z

+ v ∂T
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∂y 2

z
δ

u = ∂ψ
∂y

v = −∂ψ
∂z
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Filmwise condensation of pure vapour with inertia effects

€ 

1+ f "'+ 1
Pr

3 ff "−2 f '2[ ] = 0

3 f 'h'+h"= 0

with

€ 

f '(0) = 0 h(0) =1
f (0) = 0 h(η

δ
) = 0

f "(η
δ
) = 0

Energy balance at the interface
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δ

∫
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−
3 f ηδ( )
h' ηδ( )
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hLV
avec ηδ = C1δz

−1/ 4

Implicite equation for the calculation of d versus z

Convective heat transfer coefficient h and Nu
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Condensation in a vertical tube in downward flow

€ 

€ 

∂ρgRgUg
2

∂z
=

d
dz

G2x 2

ρgRg

= −Rg
∂p
∂z

+
τ igSi

A
+ ˙ M lUi + ρgRgg

€ 

∂p
∂z

= −
1
Rg

d
dz
G2x 2

ρgRg

+
τ igSi
RgA

+ ρgg = ρg
*g

€ 

Rg = 1− 2δ
D

$ 

% 
& 

' 

( 
) 
2

≈1− 4δ
D

Si = π(D− 2δ)

€ 

δ*4 +
4
3
δ*3τ i

* = z*

Iterative resolution:

For a given value z, x is known

Guess value for     ,

modeling of      ,  calculation of 

Verification of

δ
τ i ρg

*, τ i
*,δ *, z*
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Some correlations for the Nusselt number

With
Laminar Flow  Re<30

Laminar wavy flow 30<Rez<1800

Inertial regime (Sparrow et Gregg, 1959)

Wavy turbulent liquid film

Correlation of Kirkbridge

Colburn (1933) Pr<0.05

Grober (1961) 1<Pr<5

€ 

Nu =1,47Rez
−1/ 3

€ 

Nu =
Rez

1,08Rez
1,22− 5,2

€ 

Nu = 0,68Ja +1( )1/ 4 gρL (ρL −ρv )hLv
* z3

4µλ Tsat −Tp( )
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& 
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) 
* 
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1/ 4

Ja =
Cp (Tsat −Tp )

hLv

€ 

Nu = 0,0077Re0,4

€ 

Nu = 0,056Re0,2 Pr1/ 3

€ 

Nu = 0,0131Re1/ 3

τ i = 0
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€ 

Nu = 0,065Pr1/ 2 τ i
*

τ i
* =

τ i
ρL gνL( )2 / 3

Nu

Extension of Colburn correlation with

Dukler model àextension of Rohsenow model with a eddy viscosity model

τ i ≠ 0
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Application : calcul of the heat transfer coefficient in 
condensation on a flat plate without vapour flow, with

and without inertia effects. 

Calculate the numerical value of the HTC at the end of a plate of 10 cm 
long at a temperature of 80°C, with condensation of water vapour at 
100°C. Given values: 

Compare the expressions of the Nusselt numbers in both cases.

ρL =  958 kg /m3, ρV =  0.597 kg /m3,νL =  2.9 10−7m2 / s,
CpL =  4185 J / kg /K , λL =  0.679 W /m /K , hLV =  2257 kJ / kg.
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